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Abstract

We provide a literature review of global dynamics modeling in large gene regula-
tory networks (GRNs), using the E. coli transcriptional regulatory network (TRN)
as a running example. Building on Hopfield attractor models and dense random
recurrent network theory, we incorporate sparse, signed, and heavy-tailed connec-
tivity structures, and formulate the network dynamics as continuous-time recur-
rent neural networks (RNNs) and stochastic differential equations. We formalize
the notion of landscape–flux decomposition of the gene network’s vector field
into gradient (potential) and non-gradient (curl) parts, and we present discrete and
continuous Hodge/Helmholtz decomposition theorems for flows on graphs and in
Euclidean space. We introduce topological data analysis (TDA) tools, including
persistent homology and Reeb graphs, with definitions and theorems for summa-
rizing attractor geometry.

1 Introduction

The E. coli transcriptional regulatory network (TRN) is a canonical example of a large, sparse, di-
rected regulatory system in which transcription factors (TFs) serve as nonlinear gene regulators.
Specifically, these TFs link the dynamics of different gene expression levels, with these levels serv-
ing as the state variables of the system. [Santos-Zavaleta et al., 2019; Gama-Castro et al., 2016]. By
global dynamics, we refer to the full long-time behavior of the network: (1) the set and geometry of
invariant attractors (stable fixed points, limit cycles, chaotic attractors, etc.), (2) the organization of
their basins and transitions, which we characterize through state transition graphs, and (3) whether
the dynamics are effectively gradient-like (i.e., describable by an energy or potential landscape) or
inherently nonequilibrium with persistent circulation. In biological terms, this corresponds to un-
derstanding the metaphorical “epigenetic landscape”, wherein detailed balance can be violated due
to directed feedback and active driving [Wang, 2015].

This work synthesizes three rigorous frameworks for analyzing these global dynamics in TRNs:
(1) Structured recurrent neural network (RNN) theory, which extends classical dense i.i.d. ran-
dom network results to sparse, sign-constrained, block-structured, and low-rank connectivity; (2)
Vector-field decomposition, including Helmholtz/Hodge theorems and nonequilibrium landscape-
flux decompositions that split the deterministic flow into conservative and curl components; and (3)
topological data analysis (TDA), especially persistent homology and Reeb-graph constructions, to
summarize attractor geometry and transitions. We demonstrate how each can (and cannot) be ap-
plied under realistic TRN constraints, like partial observability, parameter uncertainty, and limited
data. Our original contributions include a regime table linking structural assumptions to predicted



behaviors and observables, as well as a provable example showing how an asymmetric feedback
loop yields non-gradient flow captured by Hodge decomposition.

2 Preliminaries and Related Models

We begin with standard Hopfield-type associative-memory networks and dynamic mean-field theory
(DMFT) for dense random recurrent networks [Hopfield, 1982; Sompolinsky et al., 1988], briefly
summarizing relevant results in order to set up notation.

A Hopfield network with symmetric weights W = W⊤ admits a Lyapunov function (aka energy
function). For a continuous-rate Hopfield network with dynamics of the form

τr
d

dt
r = −r + f(Wr), (1)

where f is monotone (and therefore invertible), the Lyapunov function is given by

E(r) = −1

2
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N∑
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Wijrirj +

N∑
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∫ ri

f−1(u)du. (2)

Next, we choose an affine activation f(u) = u + I , where the term I incorporates the bias vector,
so that f−1(r) = r − I . Then
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and so

E(r) = −1

2
r⊤Wr +
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2
r⊤r − I⊤r + C = −1

2
r⊤(W − IN )r − I⊤r + C.

Dropping the additive constant C and absorbing the identity shift into the weight matrix via W̃ :=
W − IN , we obtain the quadratic-plus-linear energy

E(r) = −1

2
r⊤W̃ r − I⊤r, (3)

so that the gradient system −W̃ r − I = −∇E(r) yields gradient-descent dynamics. Here,
symmetric W̃ guarantees convergence to a local minimum of E.

By contrast, Sompolinsky et al. (1988) showed that a fully asymmetric random Gaussian Wij ∼
N (0, g2/N) with gain g > 0 exhibits a sharp transition from a stable fixed point or simple oscillation
to chaotic dynamics, causing the gradient structure to break down, when g exceeds a critical value.
As we take the limit N → ∞, the transition occurs at gc = 1 for a tanh-like activation. The dynamic
mean-field theory (DMFT) approach simplifies the high-dimensional system to stochastic single-
neuron dynamics whose statistics satisfy a self-consistent Gaussian process equation, capturing this
transition effectively.

Definition 1 (Gradient and Hamiltonian Vector Fields). A vector field F : Rn → Rn is said to be
a gradient field if there exists a scalar potential U(x) such that F = −∇U . In a simply-connected
domain, F is gradient if and only if its Jacobian is symmetric: ∂iFj = ∂jFi for all i, j. If F cannot
be written in such a form, it is called non-gradient.

3 Gene Regulatory Network Modeling Classes

Global dynamics can be studied at various modeling levels. We outline three major classes. Note that
these classes capture different aspects of global behavior, with no single framework being sufficient,
and so we synthesize them so that we an connect their predictions through common structure.

2



Boolean Networks. Here each gene is on/off, with xi ∈ {0, 1}, and updates follow the discrete
time rule xi(t+ 1) = fi(x1(t), . . . , xN (t)). The network dynamics become a directed graph of 2N
states. Attractors are fixed points or cycles in this graph [Karlebach and Shamir, 2008]. Boolean
models excel at enumerating the number of attractors under different logic assumptions, and there-
fore they are well-suited for answering existence questions (e.g., how many phenotypes are possible
given wiring). However, it is difficult to map more complex notions like stability, time scales, or
noise to them.

Continuous Deterministic Models. A common formulation uses ordinary differential equations
(ODEs) with nonlinear regulatory responses. A general continuous-time RNN form is

dxi

dt
= −γixi +

N∑
j=1

Wijϕj(xj) + Ii, i = 1, . . . , N, (4)

where xi denotes the (log-)expression level of gene i, γi > 0 is a degradation rate, Wij encodes
the regulatory influence of gene j on gene i (with Wij > 0 corresponding to activation, Wij < 0
to repression), and Ii represents basal transcription or external signals. The nonlinear functions
ϕj(·) model transcriptional regulation by TFs and are typically chosen to reflect binding saturation
and cooperative effects (e.g., through a category of nonlinear functions called Hill functions) [De
Jong, 2002; Elahi and Hasan, 2018]. This class captures stable expression levels, graded responses,
oscillations, or even chaos depending on W and ϕ [Funahashi and Nakamura, 1993].

Symmetric and sign-definite interactions, like those laid out above, often admit a Lyapunov function,
but real TRNs are heterogeneous, making them difficult to model with such constraints. Importantly,
nonlinearities ϕj need not be odd or identical, γi vary, and W is sparse and structured. Equation (4)
allows importing results from recurrent network theory (e.g., linear stability via eigenvalues of W ,
and DMFT for large random W ) while still acknowledging these violations of classic assumptions.

Stochastic Models. To study temporary stability and noise-driven transitions, we can use stochas-
tic models. At a microscopic level, such fluctuations can be modeled well by chemical master
equations (CMEs), but these formulations become intractable for large networks. A standard sim-
plification is to replace the discrete dynamics by a continuous diffusion approximation, which re-
tains the deterministic “drift” (the vector field describing how gene expression would evolve in the
absence of stochastic fluctuations), while encoding noise separately through an effective diffusion
term. Such an approximation yields a Fokker–Planck equation modeling the time evolution of the
probability density P (x, t) over different states of gene expression, given by

∂P

∂t
= −∇ ·

(
F (x)P

)
+D∆P, (5)

where F (x) is the aforementioned deterministic drift (as in (4)) and D > 0 is an isotropic diffusion
coefficient. Equivalently, we can write the stochastic differential equation (SDE)

dx = F (x)dt+
√
2DdW(t),

where W(t) is a standard Wiener process. Please see the addenda for a derivation of the above
two differential equations. We use the SDE representation to connect stochastic effects directly to
the familiar deterministic RNN dynamics, which interpret noise as continuous perturbations of the
vector field.

This Fokker-Planck formulation provides us with a natural way to model the global dynami-
cal landscape. When a stationary distribution Pss(x) exists, it gives us an effective potential
U(x) = − lnPss(x), while the associated stationary probability current Jss = F (x)Pss − D∇Pss

quantifies cyclic probability flow. If this current is nonzero, detailed balance is violated, indicating
that probability cycles continuously between states, indicating intrinsically nonequilibrium dynam-
ics. These ideas provide the foundation for the vector-field decompositions developed in Sec. 5.

4 Structured RNN Theory beyond Dense Gaussian

Classical DMFT relies on dense, weakly-correlated, Gaussian weights. We discuss 5 ways in which
real TRNs violate the assumptions of DMFT, as well as how these deviations change global dynam-
ics and how to model them. In the sections below, we again denote W as the full connectivity/weight
matrix of the network.
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4.1 Sparsity and Degree Heterogeneity

In a sparse random network with connection probability p < 1, each node has mean in-degree pN .
In rate models with dx

dt = −x + gWσ(x), sparse-graph DMFT shows the chaos transition depends
on p and degree distribution [Kadmon and Sompolinsky, 2015]. For example, let Wij ∼ {0,±1}
with P(Wij ̸= 0) = p. The effective variance is now pg2. The critical gain scales as gc = 1/

√
p

in the limit. Also, degree heterogeneity (e.g., the anomalously high outdegree of global regulators)
produces spectral outliers. By the Perron–Frobenius theorem, a node with k ≫ ⟨k⟩ edges can
pull an eigenvalue out of the bulk circle (of radius g

√
p) to |λ| ≈ kg. Such outliers correspond to

localized modes (near the central hub) and can trigger instability. This means that sparsity lowers the
threshold for irregularity and can create giant eigenmodes tied to high-degree nodes. These results
have been quantified for random graphs by Chung et al., 2003.

4.2 Sign Constraints and Block Structure

Real TRNs have mixed activation and repression, which are analogous to excitatory/inhibitory
blocks. Suppose the network has M types (e.g. transcription factor classes), and W has a block
structure where Wij ∼ N (0, σ2

αβ/N) when i is of type α and j of type β. Aljadeff et al. (2015)
showed that for such block-structured random networks, the critical stability is determined by the
largest eigenvalue of the M ×M “gain matrix” Γ with entries Γαβ =

√
⟨kα⟩⟨kβ⟩σαβ , rather than a

single variance parameter. In other words, even if the overall variance is fixed, heterogeneity among
blocks can shift or split the transition. Intuitively, one large block of strong mutual inhibition or
activation can dominate the dynamics. A corollary is that a small subset of high-gain regulators, like
master TFs, can control the global regime boundary. This has practical implications, namely that
identifying dominant regulator classes from the TRN via singular-value analysis of the linearized
gain matrix can predict qualitative changes in structure.

4.3 Low-Rank Plus Random Connectivity

Biological networks often overlay a few coherent regulatory axes on top of random connectivity. We
can decompose

W = gWrand +R,

where Wrand is a zero-mean random matrix of variance σ2/N , and R is a low-rank matrix (of rank
r ≪ N ) representing strong modes (e.g., global regulators). By classic results on rank-r perturba-
tions [Benaych-Georges et al., 2011], the spectrum of W consists of two parts: a bulk following
the circular law of radius gσ, and up to r outlier eigenvalues given by the nonzero eigenvalues of
R (scaled by g) provided they exceed the bulk. For example, if R = uvT is rank-one, the bulk has
radius gσ, and there is one outlier at λ = guT v. This implies the network dynamics have one domi-
nant low-dimensional mode (along u) in a sea of random fluctuations [Mastrogiuseppe and Ostojic,
2018]. In GRNs, a small number of ”master regulators” or pathways may act as R, inducing slow
manifold structure while the rest of the genes contribute to high-dimensional noise. Formal analysis,
which can be done through projection onto the subspace spanned by R’s vectors, shows that these
low-rank modes can create structured attractors independent of the bulk.

4.4 Heavy-Tailed Weight Distributions

If the distribution of nonzero regulatory strengths Wij has heavy tails (precisely, P(|Wij | > w) ∼
w−α for α < 4, where smaller α corresponds to heavier tails), the usual variance-based DMFT no
longer applies. Recent work [Schuessler et al., 2020] suggests that these heavy-tailed RNNs have
a broadened transition, wherein the sharp point gc dissolves into a range, and the chaotic activity
tends to concentrate on a small subset of strongly connected neurons. Under this regime, very large
weights can dominate dynamics, since edges are rare. For α < 2, the spectral radius of W (a
metric of strength as a signal propagates through a network) diverges with N , implying that even
weak interaction strength can destabilize the network. The implication for TRNs is that if a few
interactions are extremely strong (e.g., essential feedback loops), they may govern stability and
induce nonlinear effects beyond what variance-based theory predicts.
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4.5 Nonnormal Connectivity

Directed and sparse architectures often yield nonnormal matrices: WWT ̸= WTW . A nonnormal
W can exhibit large transient growth even if all eigenvalues lie within the stable unit circle. Specif-
ically, define the matrix norm ∥W∥ =

√
ρ(WWT ) (spectral norm) and numerical radius. Even

with ρ(W ) < 1, we can have ∥W k∥ ≫ 1 for some k ≤ N , leading to large excursions before
decay. For example, a chain of feed-forward connections can transiently amplify inputs. The theory
of pseudospectra [Trefethen and Embree, 2005] quantifies this: the ϵ-pseudospectrum of W can ex-
tend well beyond its spectrum, indicating sensitivity to perturbations. In GRNs, nonnormality (e.g.
asymmetric feedback loops) can create brief but significant responses to signals, which might appear
as metastable transients even in the absence of true oscillatory attractors. Detecting nonnormality
(e.g., via singular value decomposition) can thus diagnose potential hidden slow dynamics.

5 Nonequilibrium Structure: Landscape–Flux Decomposition and
Helmholtz Theorem

The metaphor of an epigenetic landscape suggests that gene expression dynamics would follow gra-
dient descent on a potential. However, due to directed feedback and active biochemical cycles, real
TRNs are typically far from detailed balance. We now formalize this via vector-field decomposi-
tions.

Consider the SDE dx
dt = F (x)+

√
2Dη(t), where η(t) is white noise. The associated Fokker–Planck

equation (5) has a steady-state density Pss(x) (assuming it exists and is smooth). Define the
nonequilibrium potential U(x) = − lnPss(x). The stationary probability current is

Jss(x) = F (x)Pss(x)−D∇Pss(x).

In steady state ∇ · Jss = 0. We can decompose the drift as follows. Observe that

F (x) = D∇(lnPss) +
Jss

Pss
= −D∇U(x) +

Jss(x)

Pss(x)
.

Since D∇U = ∇(DU) is a gradient field, and Jss/Pss is divergence-free, this splits F = Fpot +
Fcurl into a conservative part Fpot = −D∇U and a purely non-gradient part Fcurl = Jss/Pss. This
is analogous to the Helmholtz decomposition in vector calculus. In equilibrium (detailed balance)
we have Jss ≡ 0, so F = −D∇U is gradient and ∇×F = 0. In nonequilibrium, Jss ̸= 0 and F has
a nonzero curl component. Biologically, Jss measures cyclic probability flux (e.g. cell-cycle loops),
and the entropy production rateσ =

∫
Jss ·D−1Jss/Pssdx quantifies the degree of detailed-balance

breaking.

The above is a continuous-space view. For empirical or coarse-grained transition graphs, we use
discrete Hodge decomposition.

Definition 2 (Hodge Decomposition on a Graph). Given a connected graph G = (V,E) (possibly
directed) and an assignment of a flow (a scalar on each edge), any flow f : E → R can be uniquely
decomposed (modulo boundary conditions) into three orthogonal components

f = ∇ϕ+ curlΨ + h,

where ϕ : V → R defines a gradient (exact) flow on edges, Ψ assigns circulation around cycles (2D
faces) giving a curl flow, and h is a harmonic flow with zero divergence and curl (global cycles)
[Desbrun et al., 2015].

In practice, we can compute the decomposition of an inferred state-transition graph flow to ex-
tract how much is gradient-like vs circulatory. For example, an RNA velocity vector field in gene-
expression space can be decomposed into pseudo-temporal progression (gradient) and cyclic (e.g.
cell-cycle) components [Qiu et al., 2022; Van den Berge et. al, 2020]. In TRNs, we can then take
the approach of estimating the empirical or simulated transition flow on a graph and measure the
fraction of flow captured by ∇ϕ versus the irreducible curl (see Sec. 7). If a substantial curlΨ or
h component is present, it signals intrinsic nonequilibrium with cycles that cannot be explained by
any scalar potential.
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6 Topological Data Analysis for Attractors and Transitions

Topological data analysis (TDA) provides coordinate-free summaries of state-space geometry and
transitions (allows us to translate higher dimensional data sets into more tangible characteristics).
We focus on two methods.

6.1 Persistent Homology (PH)

Let X = {xi}mi=1 ⊂ Rd be a point cloud (e.g. long-time trajectory samples or delay embeddings of
GRN states). Given a scale parameter ϵ ≥ 0, we build a Vietoris–Rips simplicial complex V R(X, ϵ):
include a k-simplex for any k+1 points that are pairwise within distance ϵ. As ϵ grows, simplices are
added, yielding a filtration ∅ = K0 ⊆ K1 ⊆ · · · ⊆ KL, where each Kℓ = V R(X, ϵℓ) [Hausmann,
1995; Zomorodian & Carlsson, 2004; Bauer, 2021].

Figure 1: Credits: Masoomy et al., 2021

Definition 3 (Homology and Betti Numbers). The k-th homology group Hk(Kℓ) of a simplicial
complex Kℓ captures its k-dimensional holes. Its rank βk = rankHk is the k-th Betti number, such
that β0 counts connected components, β1 counts independent loops, etc. Formally, Hk = Zk/Bk

is cycles modulo boundaries (Definition 2) [Edelsbrunner Harer 2008; Zomorodian & Carlsson,
2004].

Figure 2: Example of PH, Credits: Masoomy et al., 2021

Definition 4 (Persistent Homology). For each ℓ, we obtain homology groups Hk(Kℓ). Persistent
homology (PH) tracks how classes (holes) appear and disappear across scales. Concretely, a k-
dimensional homology class α births at scale ϵb and dies (becomes trivial or merges) at ϵd ≥
ϵb. The collection of intervals [ϵb, ϵd) over all homology classes is the k-th persistence barcode.
Equivalently, the persistence diagram plots each class as a point (ϵb, ϵd). Longer intervals represent
more significant topological features [Edelsbrunner & Harer 2008; Zomorodian & Carlsson 2004]
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A fundamental result (the Structure Theorem for persistence modules) guarantees that these bar-
codes fully characterize the PH of a finite filtered complex, with each barcode corresponding to a
basis element of homology. Importantly, PH is stable, where small perturbations of X (or noise)
lead to small changes in the diagram (bottleneck distance) [Cohen-Steiner et al., 2007].

In dynamics, PH can distinguish multistability, which gives us multiple persistent β0 components
(disconnected basins) at small ϵ, while oscillations produce a persistent β1 class (a loop) [My-
ers 2019; Maletic 2015]. Chaotic attractors can have complicated barcodes with many short-lived
features, but often a dominant β1 or higher-class if the attractor has intrinsic holes. In summary,
applying PH to state samples results in signature of basins (H0 lifetimes) and cycles (H1 lifetimes)
in the dynamics [Maletic 2016].

6.2 Mapper/Reeb-Graph Summaries

Mapper is a topological summarization that produces a graph representation of data. Given a point
cloud X and a continuous filter function f : X → R (e.g. a coordinate or projection capturing
progress), we cover the range of f by overlapping intervals, and clusters the points in each interval’s
preimage. Each cluster becomes a node, and edges are drawn if clusters in adjacent intervals inter-
sect. The resulting Mapper graph approximates the Reeb graph of (X, f). It captures branching and
cyclic structure of the data.

For dynamics, we can use a filter like time or a learned reaction coordinate, and obtain a graph whose
loops correspond to oscillatory cycles and branches to bifurcations. Temporal Mapper incorporates
directionality by considering time-window overlaps, yielding a coarse directed transition network. In
the context of TRNs, Mapper complements PH by explicitly showing how metastable states (nodes)
connect via transitions (edges). For instance, a loop in the Mapper graph indicates a stable cycle,
whereas a branching point indicates a bifurcation between basins.

7 Proposed Analysis Framework

We now outline a pipeline to analyze TRNs.

7.1 Step 1: TRN Structural Diagnostics

Starting from a TRN (e.g. RegulonDB) database, we first compute graph statistics. This includes de-
gree distributions and sparsity, sign (activator vs repressor) ratios, motif counts (e.g. feedback loops,
feedforward loops), nonnormality measures (matrix asymmetry, ∥W∥/ρ(W )), and low rank struc-
ture (singular values or outliers of the Jacobian linearization). These features feed into structured
RNN theory to hypothesize dynamic regimes. For example, a broad degree heterogeneity suggests
possible unstable modes, a block imbalance suggests which regulators control regime, and motif
counts hint at potential cycles or multi-stability.

7.2 Step 2: Model Class Selection

We choose the simplest model class that can express the observed features. As implied in previous
sections: if interested only in the existence of attractors (not their stability or transients), a Boolean
network might suffice; if oscillations or graded responses are key, use a continuous ODE model
(4); if metastability or noise-driven switching matters, incorporate stochasticity via SDEs or master
equations. The principle is based on alignment, so detect oscillations only if the model allows cycles.

7.3 Step 3: Flow Estimation and Hodge Decomposition

From time-series data (real or simulated), construct an estimated flow on a coarse state-space graph.
For a continuous model, we can sample many trajectories and bin states; for data-driven approaches,
we may infer a vector field via Gaussian process regression or neural ODE fitting. On the resulting
directed graph of states, compute the discrete Hodge decomposition (Definition 2). Calculate the
circulation fraction

Γ =
∥curlΨ∥2 + ∥h∥2

∥∇ϕ∥2 + ∥curlΨ∥2 + ∥h∥2
,
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which lies in [0, 1]. Here ∥·∥ measures the sum of squared flows. A small Γ indicates nearly gradient-
like (detailed-balance) dynamics, while a large Γ indicates strong cyclic flux. Also identify which
cycles carry most flow (e.g. which regulatory circuits). This quantifies detailed-balance breaking
and reveals cyclic programs.

7.4 Step 4: Topology of Attractors and Transitions

Using the same data or flow, sample representative trajectories in each putative attractor basin. Com-
pute persistent homology on these samples (possibly via delay embedding) to find H0 and H1 fea-
tures. Record the number of persistent β0 bars (distinct basins) and any β1 cycle (limit cycle). In
parallel, build a temporal Mapper network to summarize how states transition among basins.

While we were unable to execute the pipeline on a real dataset, we performed related calcula-
tions/proofs through a simple worked example. Please reference the addenda for more information.

8 Conclusion

This paper presents a collection of mathematical tools for reasoning about global dynamics in large
transcriptional regulatory networks (TRNs), and connected continuous-time GRN/TRN models of
the form (4) (and the stochastic formulation (5)) to gradient/Lyapunov structure, nonequilibrium
landscape–flux decompositions, discrete Hodge decompositions on coarse transition graphs, and
persistent-homology. Due to time constraints, we were not able to implement a full pipeline on a
curated E. coli TRN.
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Stochastic Model Derivations. Following Risken (2), the general Fokker–Planck (FP) equation
for N continuous state variables x = (x1, . . . , xN ) is

∂P (x, t)

∂t
= −

N∑
i=1

∂

∂xi

[
D

(1)
i (x)P (x, t)

]
+

N∑
i,j=1

∂2

∂xi∂xj

[
D

(2)
ij (x)P (x, t)

]
, (1)

which is the Kolmogorov forward equation associated with a continuous Markov process.

We now specialize (1) to the case used in the main text. Let the drift be given by the deterministic
(noise-free) ODE field F (x),

D
(1)
i (x) = Fi(x), (2)

and assume additive, isotropic noise with constant diffusion coefficient D > 0, so the diffusion
tensor is

D
(2)
ij (x) = Dδij . (3)

Substituting (2) into the first term of (1) gives

−
N∑
i=1

∂

∂xi
(Fi(x)P (x, t)) = −∇ · (F (x)P (x, t)) .

Substituting (3) into the second term yields

N∑
i,j=1

∂2

∂xi∂xj
(DδijP (x, t)) = D

N∑
i=1

∂2P (x, t)

∂x2i
= D∆P (x, t),

where ∆ denotes the Laplacian. Collecting terms, we obtain the FP equation

∂P (x, t)

∂t
= −∇ · (F (x)P (x, t)) +D∆P (x, t). (4)

Equation (4) can be equivalently represented at the level of trajectories by an Itô stochastic differen-
tial equation (SDE). In general, an Itô diffusion

dx = a(x)dt+B(x)dW (t), (5)

where W (t) is an N -dimensional Wiener process, has an associated FP equation

∂P

∂t
= −

∑
i

∂

∂xi

(
ai(x)P

)
+

1

2

∑
i,j

∂2

∂xi∂xj

(
(BB⊤)ij(x)P

)
. (6)

Matching (6) with (4) identifies the drift a(x) = F (x) and requires

BB⊤ = 2DI.

Choosing B =
√
2DI yields the SDE

dx = F (x)dt+
√
2DdW (t). (7)



Then (4) and (7) describe the same stochastic process.

Important note: The super scary equations (1), (5), and (6) are all taken directly (up to notation)
from Risken’s textbook on the Fokker-Planck equation. We only applied this framework to our
choice of drift and diffusion coefficients outlined in (2) and (3) to obtain the differential equations
in (4) and (7).
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Example Application of the Pipeline Consider the three-gene directed loop

dx1
dt

= −x1 + aϕ(x3),
dx2
dt

= −x2 + bϕ(x1),
dx3
dt

= −x3 + cϕ(x2), (8)

with a, b, c > 0 and ϕ ∈ C2(R).
[Non-gradient character] Let Ω ⊂ R3 be open and simply-connected. If ϕ′(u) ̸= 0 for all u in the
relevant coordinate ranges on Ω, then the vector field F defined by (8) is not a gradient field on Ω.

Proof. Write F = (F1, F2, F3) with

F1(x) = −x1 + aϕ(x3), F2(x) = −x2 + bϕ(x1), F3(x) = −x3 + cϕ(x2).

If F = −∇U on Ω for some U ∈ C2(Ω), then mixed partials commute, so for all i, j

∂xi
Fj = ∂xj

Fi.

Compute the cross-partials:
∂x2F1 = 0, ∂x1F2 = bϕ′(x1).

Hence ∂x2F1 = ∂x1F2 implies bϕ′(x1) = 0 for all x ∈ Ω, contradicting b > 0 and ϕ′(x1) ̸= 0 on
Ω. Therefore such a U cannot exist and F is non-gradient on Ω.

[Nonzero stationary current for the stochastic loop] Consider the SDE on a simply-connected
domain Ω ⊂ R3 with reflecting boundary,

dXt = F (Xt)dt+
√
2DdWt, (9)

where F is the drift in (8) and D > 0. Assume there exists a stationary density Pss ∈ C2(Ω)
with Pss(x) > 0 on Ω satisfying the stationary Fokker–Planck equation with zero-flux boundary
condition. Define the stationary current

Jss(x) = F (x)Pss(x)−D∇Pss(x).

If ϕ′(u) ̸= 0 on Ω, then Jss is not identically zero on Ω.

Proof. Assume for contradiction that Jss(x) ≡ 0 on Ω. Then for all x ∈ Ω,

F (x)Pss(x) = D∇Pss(x).

Since Pss(x) > 0, divide to obtain

F (x) = D∇
(
lnPss(x)

)
.

Thus F is a gradient field on Ω. By Lemma , this contradicts ϕ′(u) ̸= 0 on Ω. Therefore Jss cannot
vanish identically. This is the landscape–flux dichotomy, where Jss ≡ 0 is equivalent to detailed
balance, and non-gradient F forces Jss ̸≡ 0 whenever a smooth positive Pss exists [Risken, 1996;
Wang, 2015].

[Topology on the TRN-induced transition 1-complex] Let S = {s1, s2, s3} be coarse TRN
macro-states corresponding to “activity localized” near gene 1, 2, 3, and let Q = (qij) be empir-
ical transition rates estimated from trajectories of (9). For λ ≥ 0 define a filtered directed graph

Gλ = (S,Eλ), Eλ = {(i, j) : qij ≥ λ}.

View Gλ as a filtered 1-dimensional CW complex. If there exists λ⋆ such that

(1, 2) ∈ Eλ⋆
, (2, 3) ∈ Eλ⋆

, (3, 1) ∈ Eλ⋆
,

then for all 0 ≤ λ ≤ λ⋆,
H1(Gλ;F) ∼= F,

and the H1 persistence barcode of {Gλ}λ↓0 contains an interval [λ⋆, 0).
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Proof. For λ ≤ λ⋆, the 1-skeleton contains a directed 3-cycle. As a 1-complex (no 2-cells),
H1(Gλ;F) is the cycle space. Using Euler characteristic for a connected 1-complex,

β1(Gλ) = |Eλ| − |S|+ 1.

At λ = λ⋆, |S| = 3 and |Eλ⋆ | ≥ 3, and the presence of exactly one independent cycle implies
β1(Gλ⋆) = 1, hence H1(Gλ⋆ ;F) ∼= F. As λ decreases, edges can only be added, so the cycle
persists for all λ ∈ [0, λ⋆] in the 1-complex filtration. Therefore the persistence module in degree 1
has one interval starting at λ⋆ that does not die within this filtration. This is standard persistence for
filtered cell complexes [Zomorodian and Carlsson, 2005].

[Hodge curl detects the same H1 class] Let f : Eλ⋆
→ R be the empirical edge flow on Gλ⋆

, and
decompose

f = ∇ψ + h

as the orthogonal Hodge decomposition on a 1-complex (no 2-cells) [Desbrun et al., 2005]. If

f(1, 2) + f(2, 3) + f(3, 1) ̸= 0,

then h ̸= 0, and the corresponding homology class in H1(Gλ⋆ ;F) is nontrivial.

Proof. On a 1-complex, the gradient component ∇ψ has zero circulation on every cycle. In partic-
ular, for the directed 3-cycle,

(∇ψ)(1, 2) + (∇ψ)(2, 3) + (∇ψ)(3, 1) = 0.

Thus the cycle-sum of f equals the cycle-sum of h. If the cycle-sum of f is nonzero, then the cycle-
sum of h is nonzero, hence h ̸= 0. Since h lies in the harmonic subspace (cycle space), it represents
a nontrivial H1 class on Gλ⋆

. Therefore the same directed cycle responsible for nonequilibrium cir-
culation in Theorem is detected topologically by H1 and metrically by the nonzero harmonic/cycle
component in Hodge decomposition.
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